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Liouville condition, Nambu mechanics, and differential
forms
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Abstract. Introducing a geometrical framework for description of Nambu mechanics, we give
conditions to guarantee that an ordinary differential equation (ODE) may be written in the nambu
form.

In Nambu mechanics [1], one considers dynamical systems, i.e. systems of time-autonomous
ODEs, of the form
i ; ; 0H> oH,
H = 0 = g8y o (1)
Herex € M (a smooth manifold embedded R"'), f : M — TM, andH; : M — R; € is
the completely antisymmetric (Levi—Civita) tensor @nndices. The function$t,, ..., H,
are then — 1 ‘Nambu Hamiltonians’ of the system.
It can immediately be checked that for such a system one has

Zaf. =div(f) =0 )
= 0!

so that any system obeying Nambu mechanics (i.e. which can be written in the form (1)

above) does automatically satisfy the Liouville condition (2). Indeed, the purpose of Nambu

when proposing his generalization of Hamiltonian mechanics was to explore other forms of

dynamics enforcing the Liouville condition, with the statistical mechanics setting in mind

[1].

However, Nambu did not claim that systems of the form (1) are the only ones to satisfy
the Liouville conditions (2), or equivalently that (2) implies thAtcan be written in the
form (1). Such a statement was made in [2], and it has recently been observed [3] that this
is in general false; i.e. there exist systems which cannot be written in form (1) but which
do satisfy the Liouville condition (2).

The purpose of this letter is to point out that, once Nambu mechanics is expressed in
natural geometrical terms, we can give geometrical conditions to guarantee that an ODE
may be written in the ‘Nambu form’ (1), and to give such conditions.

Indeed, let us consider a generic dynamical system f(x) on M C R"; the function
f identifies a vector fieldl : M — TM, but also a dua{n — 1)-form w.
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The vector field is obviously given, in the coordinates, by

; a
x:fu%i (3
X
and the (dual) differential form is given by
1 . .
w = mfﬁ VVVVV Jn fjl dsz VANRVAN dxj". (4)

In geometrical terms, given the volumeform Q = dx* A ... A dx”, the formw is given
by the interior product

w = ix(Q). (5)

We can enquire ifo is a closed form; to this aim, we just have to compute which yields

do — [;?‘]9 ®)

Thus, we have shown how the Liouville condition reads on the dual form, i.e.:

Lemma 1 Let X be a vector field onM C R", given in local coordinates b =
Fix)@/0x"), f : M — TM, and letw be the(n — 1)-form dual toX; let us denote by
the Lie derivative alongf. Then, the following conditions are equivalent:

(i) div(f) =0;

(i) dw = 0;

(i) LxQ2 =0.

Then the problem of determining which satisfies the Liouville condition is equivalent
to the problem of determining the closéd — 1)-forms» on M.
If we now use the expression (1) fgr, we can compute explicitly:

- 5 d Hy
w = meh ..... kn€jt,.nr jn Ok ja ﬁ

It is clear that ifw is of form (7)—i.e. if f is in the form (1)—we have d = 0; but the
converse is not true.

When a vector field (respectively, a differential form) is written in form (1) (respectively,
in form (7)), we say it is infNambu form

Thus, we find that havingf, or equivalentlyw, in Nambu form is a sufficient, but
not necessary, condition fof to satisfy the Liouville condition. Our geometric discussion
confirms the findings of [3]; we hope it helps in clarifying the geometric structure underlying
Nambu mechanics.

If we want to determine under which conditions tfiesatisfying (2) can also be written
in form (1), we should ask under which condition the— 1)-form w is decomposable into
(n — 1) closed one-forms (see also [4]).

We recall that &-form p is said to bedecomposablé it may be written as the wedge
product ofk one-forms.

It is well known (see [5] p 22) thagvery(n — 1)-form overM is decomposableso that
in particularw is decomposable, i.e. we can write

w=Pp*AN...AB" (8)

where theg* are one-forms.

dsz} A A [gH” dx/] =dHo A ... AdH,. (7)

Xn
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If we want to explicitly find the formss*, the idea is to build a local bagés, ..., Y,}
for the vector fields onf with Y, = X. Then, taking the dual bas# ... 8" we can write
o in the form (8).

We would also like to point out that, using the theory of differential ideals [5], we
can give an integrability condition fo® to be of form (8). In fact, let us consider the
differential idealD generated by the formg?...". If D is closed with respect to the
external differential, i.e.® C D, the Frobenius theorem [5] guarantees that, giuea M,
there exists a local coordinate systeém, ) (with i = 1...n) aroundxg such thatD is
generated by ¢ . ..dy". Thus, we have:

Lemma?2 LetX be avector field odf C R", andw the dual(n —1)-form; let{Y, ..., Y,}
be a (local) basis for vector fields @, with Y1 = X; let{8%, ..., 8"} is the dual (local) base
of one-forms. If the differential ideaP generated byp?, ..., 8"} is closed, then there is a

(local) coordinate systerfip?, ..., {"} on M such thatD is generated bydy?, ..., dy"},
andw may be written (locally) in the Nambu form = dg? A ... A dB".

Notice that the* represent the (localy: — 1) Nambu Hamiltonians.

It should be pointed out that we can equivalently express the closure conditibn of
in terms of vector fields; this amounts to asking that there exist a local {¥ase ., Y,},
with Y; = X, such that the¥,’s form a closed Lie algebra under the usual commutator. It
is then possible to reformulate lemma 2 accordingly.
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